IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Graded contractions of representations of orthogonal and symplectic Lie algebras with respect

to their maximal parabolic subalgebras

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1995 J. Phys. A: Math. Gen. 28 3785
(http://iopscience.iop.org/0305-4470/28/13/023)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.68
The article was downloaded on 02/06/2010 at 00:08

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/28/13
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 28 (1995) 3785-3807. Printed in the UK

Graded contractions of representations of orthogonal and
symplectic Lie algebras with respect o their maximal
parabolic subalgebras

Xiao-Dan Leng and J Patera

Centre de recherches raathématiques, Université de Montréal, CP 6128-A, Montréal (Québec)
H3C 317, Canada '

Received 18 January 1994, in final form 19 September 1994

Abstract. Parabolic gradings of the classical simple Lie algebras o(N,C), (N = 5) and
sp(2n, C), (r > 2} with complex parameters are described for all maximal parabolic subalgebras.,
All contractions which Jeave a maximal parabolic subalgebra intact and which preserve a
parabolic grading (parabolic contractions of Lie algebras} are found. Coniractions of the
irreducible representations for each parabolic contraction of the Lie algebra are the main results
of the article,

1. Introduction

The study [1] of parabolic contractions of sl(¥, C) and of its representations, including
tensor products of the latter, is extended here to the remaining classical simple Lie algebras
o(N, L) and sp(2n, C) and their representations.

The method of our investigation is the same as in [1]; we find the grading-preserving
contractions of the simple Lie algebras where the gradings are parabolic, i.e. the coarsest
gradings which display a maximal parabolic subalgebra as a sum of several grading
subspaces of the simple Lie algebra. It turns out that for most of the maximal parabolic
- subalgebras of of{N,C), » = 5, and sp(2n, C), » 2 2, the grading group involved is the
cyclic group Zs. In a few extreme cases only, the grading group is Zs, as it was for sl(N, ©).
Consequently, the outcomes of the contraction procedure are more numerous here than in
[1].

The motivation for a study of parabolic contractions of classical simple Lie algebras is
similar for all of them. These algebras are most often used in applications where one,
typically, tries to bring together as many different phenomena as possible in order to
understand the common basic features underlying all of them. In doing this, symmetries
related by standard homomorphisms, such as inclusion of one Lie algebra in another, offer
obvious avenues for such a study. However, since the pioneering work of Wigner and Inbnii
30 years ago [2] a wider class of relations among symmetry algebras can be studied. The
recent modifications [3-5] of Wigner’s approach make the vast variety of deformations of
Lie algebras more accessible to an exhaustive description by reducing the scope of a study
to that of deformations preserving a (any) fixed grading by a finite Abelian group G. A
complete classification of such deformations and/or contractions then becomes possible. In
addition, it allows one to consider simultanecusly many Lie algebras which admit a given
grading. ‘Without the latter property neither this study nor [1] would have been practical.
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Thus for all the cases included here we have only to solve one contraction problem with
G == Zs. For G = Z, our problem has already been solved in [1].

Most importantly, the insistence on preservation of a chosen grading during contraction
led to a natural definition of graded contractions of representations of Lie algebras in {4].
This is a problem apparently never considered in mathematical literature.

In recent physics literature one may also point out the papers [6, 7] where deformations
of representations of unitary Cayley—Klein algebras based on contractions are developed.
Various other aspects of graded contvactions of Lie algebras are found in [8-141.

A physicist’s motivation for a study of parabolic contractions of classical Lie algebras
would, typically, be related to the fact that most maximal parabolic subalgebras of classical
Lie algebras are the Lie algebras of inhomogeneous transformations, i.e. a semidirect product
of a large (often maximal) reductive subalgebra with an Abelian ideal of ‘translations’. The
mechanism of the corresponding contractions of irreducible representations of the classical
Lie algebras then becomes a rich, largely unexplored source of specific information about
indecomposable representations of the Lie algebra of inhomogeneous transformations.

An overview of the graded contractions of representations is in [5] and is recalled again
in [1]; therefore, here we point out only the definitions. A Lie algebra L and representation
acting in V, graded by the same Abelian grading group G, decompose as linear spaces into
the direct sum of the grading subspaces

L=YL, V=YV, (1.1)

geC geC
Simultaneous grading of L and V by the same grading group G then implies the relations
(L, L) € Ljgs LiVi € Vizm (1.2)

which should be read as being valid for any choice of elements of L;, L and V.

We say that a grading displays a subalgebra of L if the subalgebra consists of several
subspaces L, in the decomposition (1.1} of L. A grading of L is called parabolic if it
displays a maximal parabolic subalgebra P, in a minimal number of subspaces L.

The contracted commutator is defined using a matrix & = (gj) of contraction parameters

(Lj, Lile == gulL;, L] € gjpljun. (1.3)

In order that the cutcome is a Lie algebra L*, the parameters £ must be solutions of
a system of quadratic equations ((1.9) of [1]) following from the Jacobi identities. A
renormalization of the elements of the subspaces, L; — ajL}, (0 # a; € C), leads to an
equivalent grading contraction

Liskcyr 54 djtk o
(L, L) == E'k—-—J [L: L] Cep—=—L.,. (1.3a)
P TRE 4 a;ar k d a;dy Jt+k

Using this freedom, we succeed in having £; = 0 or 1 in all of the cases considered here.
A contraction of L is called parabolic if a maximal parabolic subalgebra P, of L is not
deformed by the contraction.
A contracted action of L on V is defined similarly by the matrix ¥ = (¥;m) of
contraction parameters defined for a fixed contracted Lie algebra L as

LiVei=VmlyVe (14)
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and by the uncontracted action of L on V. In order for the contracted operation to be a
representation of L, a system of quadratic equations ((1.11) in [1]) has to be solved by ¥
for a given &.

Finally, in order that a tensor product V ® V' of two representations of Lf be a
representation of Lf, the contraction of V ® V” has to be introduced as

VG ® Vi)e = umV;, @V, 1.5

where 7;, are the contraction parameters, subject to a system of linear equations involving
matrix elements of ¥ as coefficients ((1.13) in {1]). Similarly as in (1.3z), renormalizations
of the subspaces V,, allow one to simplify the form of ¢ and r.
1t is convenient for our purposes to introduce the matrix ¢ = (k) (j,k € &) of the
grading structure:
1 i [L;, Lel #0
ik {0 if [L;, L] = 0. - - 19

Note that the definition implies ¥ = «T. For the parabolic gradings of the classical Lie
algebras there is only one x per grading group. Namely,

111 '
=(1@1) for Zs 1.7
11 8
1 1111
11 8611
k=116 8 1 1 for Zs. (1.8)
1119 @
1118 1

The contraction matrix ¢ is the « for the contracted Lie algebra. In some cases [3] not all
matrix elements of £ can be made equal to 0 or 1, The appearance of @ matrix elements in
(1.7) and (1.8) is dictated by the parabolic gradings: the corresponding subspaces commute.
The grading structure « of LV is analogous: & = 0 and 1 respectively for L; Vi = 0 and
LV =1.

In these and subsequent contraction matrices the @ represents a zero matrix element. It
is convenient to distinguish @ from zeros which arise in similar matrices as a result of a
contraction. The rows and columns of « (and related matrices throughout this paper) are
numbered from 0 to n — 1 for Z,. The upper left 2 x 2 comer in (1.7) and the 3 x 3 corner
in (1.8) are the matrices & of the appropriate maximal parabolic subalgebras of L.

In general, one could study deformations of Lie algebras starting from the Abelian
algebras and deforming the #’s of « into non-zero values. We exclude similar cases by the
choice of our problem: a & of a « cannot be deformed to a non-zero matrix element of an
¢ during a contraction, i.e. an Abelian Lie algebra is not contractable any further.

We assume that the reader is familiar with the concept of weight decomposition of
representation spaces of the classical Lie algebras, in particular, that hefshe can calculate
the system of the weights starting from the highest one.



3788 X-D Leng and J Patera
2, Parabolic gradings and centractions of o(N, C)

Let n = [N /2] be the rank of o(#¥,C). In this section, we first describe the parabolic
gradings of the Lie algebras of o(N,T), N 2 3, and then the parabolic contractions of
o{N, C). The four lowest cases, N = 3,4, 5 and 6, are special because of the well known
isomorphisms of the Lie algebras:

o(3,C) =sl(2, O o4, C) = 51(2,C) x sl(2,C)

. 2.1
o(5, C) ~ sp(d, C) o(6, C) =~ sl{4, C).
Nevertheless we include them in our considerations whenever this does not cause excessive
complication of the presentation of the results.
As in [1], the maximal parabolic subalgebras P, of o{N, ), and consequently the
parabolic gradings, are labelled by the integer A, where

1€ign (2.2)

which can be undestood as numbering the simple roots of o{V, C).

The maximal parabolic subalgebras P, of o, C) are known. For our purpose it is
convenient to characterize them by the subalgebra Lo which is the zeroth component of the
parabolic grading. Unlike the si(N, C) case, here Ly is not generally a maximal regular
subalgebra of o(N,C). In table 1 we indicate the maximal regular subalgebra [15] of
o{N,C) and the Ly component of each parabolic grading.

Table 1. P is a maximal parabolic subalgebra of either o(¥, C) or sp(2n, C); L{es) is the
maximal reductive subalgebra of (&, C) or sp(2n, C) obtained by removal of the simple root
oy from ijts diagram; Ly is the zeroth component of a parabolic grading.

Algebra B, Liea) Lg Grading
o(2n+1,C),n2 1| 1SA<n |02 xo(2n—22+D)el(M) xo@n—22+ 1) Zs
A=1 o(2} x o(2n — 2) gl(1) x o(2r — 2) Zg
o2n,C),n>2 22A<nr—2| oA xo(2n—-2X) | gfd)xo(2n—23) | Zs
A=n—-1,n gl(n} glin} Zy
sp(2n,C), n>2 {1 A <n—1|sp{22) xsp(@rn—2X) | gl(A) xsp(@2n —2A) Zs
A=n gl(n) gl(n) Zg

Let us now describe the maximal parabolic subalgebras P, and the corresponding
parabolic gradings in terms of ¥ x N matrices in a manner similar to that in section 2
of [1] for sk, €). Consider the defining representation of o(¥N, C):
oN,C)={X| X eCV*¥ KX+ X"K =0,K" = K,detK #0}. 2.3)
Fix a partition (A, w, A) of N:

27+ = N, (2.4)
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First let N = 2n + 1 (simple Lic algebra of type B,) and set

0 0 K, i
= ( 0 K, 0 ) K, = . : (2.5)
Ky, 0 0 i )

where K, is the a x a matrix with 1 on the side diagonal and 0 eisewhere. The Lie algebra
o{N, C) consists of the matrices X with the following block structure:

A B C
X= (D E —Bj) (2.6)
G -DT -AT
where we use the notation ¥ = K¥K and
A C,GeCH E g CHx# B ¢ Cpt DeC»
. . . @n
C=—CT E=-ET G =-G.

The maximal parabolic subalgebras P, of o(N,C) are then represented by all the upper-
(or lower-) triangylar matrices of the form

A B C
PA=(0 E —gT). (2.8)
0 0 AT ,

For all cases of N odd (and for N even, with (N = 2n) and 2 < A € n — 2) one can easily
verify by a direct computation that the matrices

A 0 0B 0 00C
Lo=(0 0_) L1=(0 0 —BT) L2=(0 0 0)
0 0 4T 00 0 00 0

0 0 0 0 0
G 0 0 -DT 0

provide a parabolic Zs-grading of o(, C) with the matrix x given in (1.8).

Next, we describe the three remaining cases, namely L = 1,n — 1, and n for even N.
For A = 1, conditions (2.7) require that both blocks C' and G be zero. The Zs-grading of
(2.9) in (2.6) is thus reduced to the Za-grading:

A0 0 0B 0 o 0 0
Lg=‘(0 E 0 ) =(O 0 —BT) Lz=(D 0 O).(E.IO)
0 0 -—AT 0 0 O 0 -DT 0
In the case A = » we have p = 0, thus we obtain another Zs-grading:

X=(A C ) @210

29

cCo0 omo

G =-AT
with

.L{,=(8’L _%T) L1=(g g) L2=(g g). 2.12)
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The difference between the present case and that of sl{z, C) is in the additional conditions
imposed on the form of C and & in (2.7).

Finally, in the case of A = n — 1 of o(2n, C} we still obtain a Z;-grading but with a
more complicated block structure of the matrices representing it. In order to find Lo, L,
and Ly, we start with the matrix X of (2.5):

0 0 0 K,
0 01 0
K= 0 10 o ) (2.13)
Key 00 0

The structure of the blocks E, B, and D in (2.6) is then

A B B C
D E 6 —Bf
D, 0 —-E —Bf
G -Dbf -DT -AT

X == (2.14)

Note that the relations in (2.7) apply here. The sizes of the blocks are

AC, G, e Cla—1x{n=10) E,eC B, B € Cixda=1) Dy, D; € Cin-Dx1_

(2.15)
The Zs-grading structure is evident:
(A 0 B; q 0 B 0O C
Lo = 0 E 0 -—B] L= 000 0
°= \Dg 0 —-E 0 =10 0 0o B
0 -DI 0 AT 00 0 0
2 (2.16)
/ 0O ¢ 0 0
L, = Dy 0 0 0
7lo 0o o o0
\G 0 -DT o
The three maximal parabolic subalgebras are written as
P =Ly+ 1 A=1,n—1,n (2.17)

The specific realization of the parabolic gradings given above may often be practical;
nevertheless, it offers only a limited insight into the general structure of the problem. An
abstract definition of the gradings requires an identification of the conjugacy classes of
elements of order three and five of the automorphism group of the Lie algebra (the Lie
group O(N)) which are responsible for the Zs- and Zs-gradings respectively. The grading
subspaces are the eigenspaces of the action of an individual element g on the Lie algebra.
Two elements from the same conjugacy class give equivalent gradings. In this way, a
grading is defined independently of any particular realization of the Lie algebra. Indeed,
both the Lie algebra and the Lie group (hence the element g) could be described in any
representation and relative to any basis.

There is a complete description of conjugacy classes of elements of finite-order in
compact simple Lie groups and their representatives in any irreducible representation given
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in [16]; it would not be practical to reproduce it here. In order to make the connection with
that theory, we indicate only those conjugacy classes responsible for parabolic gradings
using the notation of [16]. In particular, a conjugacy class of elements of finite-order in
a simple Lie group of rauk » is completely specified by the n + ! non-negative integers
[so 51 ... s,] with only a trivial commeon divisor. We also show some pertinent examples.

The parabolic gradings of o(N, C) are the eigenspace decompositions produccd by any
elements of the following conjugacy classes:

A=1 [41...0],Zs
oZn+1,O.n23{2<rgn [30 .010...0], Zs
h—-l

A=1 {21 0L, 7, 2.18)

2LAagn-2 [30 010 0), Zs
o(Z2n, Cl,n 24 ‘;\..-1

A=n-=1 [20...0010],23

A=n ) [20...00011, Zs.

In all of these cases the matrix g required to reproduce the Zs- and Zs-gradings described
by the explicit matrices given above turns out to be the umque diagonal element of its
conjugacy class. To obtain the gradings (2.9) we use

1,62l
g= ( In_an 2::'/5) . (2.19a)
I =Ll

Indeed, putting e*1/5 =

_ &1, A B C\/FL
gXg ' = ( Iy_on ) (D E BT ) ( In_a, )
71/ \G —-DT AT £l

A B§ o
= ( DE™! E —BTé').
Gg-z _ﬁTs-—l _A"T

= £, we have
(2.198)

The eigenvalues 1, £, &%, &3 and £* indicate the blocks forming the grading subspaces of
(2.9).
Similarly we obtain the Zz-gradings using

( e2mif3
Inpsn fori=1
273

In—lezzi'rs

_ —27i/6 ,
8= ® o2mif6 fora=n—1 (2.20)

I g-2mif6

I efZJ'l'i/G
L ( ? I,,e“z””ﬁ) for A =n.
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Let us emphasize the similarity of the Zs-gradings here and the parabolic gradings (2.8)
of sI(N,C) in [1]. In both cases the matrices x coincide and the parabolic contractions
are compuied exactly in the same way, the result being the two non-trivial contractions of
(2.15) of [1].

The correspondence between the Ly’s (as given by the matrices (2.9), (2.10), (2.12)
and (2.16)) and the entries in table 1 is given by the value of A. One may observe that
the matrices A and —A7 in the L¢’s stand for the direct sum of a pair of contragradient A-
dimensional representations of gl(4, ), and that the antisymmetric matrix F is the standard
representation of o( N — 2A, C).

It remains to point out the difference between the isomorphic subalgebras Ly in Py
and P, of o(2r,C), n 2 3. Using the standard identification of the representations of
gl(n, C) by the highest weights we have, in the 2n-dimensional representation,

Py D Lg=(10...0)(+2) ® (00...1}(-2)
P, D Lo =(10...0)(=2) ® (00... 1){+2).

Having described the parabolic gradings of o(N, C), we can now turn to the parabolic
contractions. It has been pointed out already that for the Zs-gradings the non-trivial
contractions are given by (2.14) of [I]. In the case of the Zs-gradings we again have
to look for solutions of the system (1.9) in [1] with the additional stipulation that the
equalities of the system (1.9) in [1] involving zero matrix elements of the structure matrix
{1.8) should be removed from the system.

Direct computation yields the following seven non-trivial parabolic contraction matrices:

111 - - 111 - - 111 - 1
P 1g ) (11@--\ (11@--\

1 8 g - 166 - - L5 g . .

oo 3 . . . B0 . . . BB

\. g ./ \. . . g 1/ \1 . . ¢ .
1111 11111 1111 1
(11@ (11@-.\ (11@..\

1 % ¢ 1 6 6 . - 1 8 0 @2.21)
1 .60 1 . g o Ll-ﬁﬁ

\. ', \1 5 -/ 1 5 1/
R

1 69 - -

11 .6 6

1 - -8 -/

Only in the last three cases does the confracted algebra remain indecomposable.

3. Parabolic gradings and contractions of sp(2n,C)

The information about the maximal reductive subalgebras of sp(2n, C) is provided in table 1.
Let us now consider the defining 2n-dimensional representation of the Lie algebra. We have

sp(@n, C) = {X | X e C*** KX + X"K =0, K" = —K, detK #0}. (3.1)
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Since N = 2n, we fix the partition (i, u) of n as
Atp=n (3.2)

and choose K of the form
K
K=( M ) 1€£ign (3.3)
—Ky
where K, is as in (2.5) and

M=(_K K“)ecz'm“ M=-M detM £0.  (34)
i

Note that M here satisfies the constraints imposed on the matrix X in (3.1). Thus, we have
the block form of a general element X of the Lie algebra sp(2n, C):

A M ¢
X= (D E F ) (3.5

G -D'M -ATK '
where ¥ = XK, and in particular XT = KTX" = K, X",

A,C,G,eC* E € CH¥& F e Ch2 D e ¢+
. . (3.6)
C=C'K, G=0G6GTK, ME+E™M =0.

In particular E represents the Lie algebra sp(?._u.,_ C). The parabolic gradings are Zs for
@0

A0 0 0 FTM 0 0 0 C
Lo=(0 E 0 ) L1==(0 0 F) L2=(O 0 o)
0 0 -A"K 0 0 0 00 0

0 0 D 0 0

L3=(D 0 0) L4=(0 0) u>0
0 -D™™M 0 G 0

and Zs for u =0 _

e (t b)) m=(05) (30 s

The upper- (or lower-) triangular mairices represent faithfully the maximal parabolic
subalgebras P, of sp(2r, C). The maximal parabolic subalgebras are

(3.7}

o Y o e

P=Lg+L1+L, forI<agn—1

(3.9)
Po=Lo+ L4 for A =n.

The x matrices of the parabolic gradings of sp(2n, C) are given by (1.7) and (1.8)
respectively. Therefore, the parabolic contractions of the symplectic Lie algebras, in the
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case of the Z3-grading, are given by the matrices £ of (2.14) in [1], and by (2.21) above
for the grading Zs.

Finally, let us identify the conjugacy classes of the elements of order three and five in
the symplectic group responsible for the parabolic gradings of the symplectic Lie algebras
using, again, the notation of [16], similar to what was performed in (2.18) for the orthogonal
groups. One then has

Zs: [30...010...0] 1<A<n—1
s e’
A-1 (3.10)
Zy: [20,..001]  A=n,

Any element of these conjugacy classes provides a parabolic grading of sp(2s, C). Two
elements from the same conjugacy class provide equivalent gradings. The explicit gradings
exhibited in (3.7) and (3.8) are obtained by solving the eigenspace problem (2.19b) using
(3.5) and g of (2.19a) for 1 £ A £ n—1, and g of (2.20) for A =~n.

Let us now consider an example of the sp(6, C) representation of dimension six with
the highest weight (10{0) and find the three maximal parabolic subalgebras P, A =1,2,3.

The parabolic gradings of the Lie algebra sp(6, C) can be described using the six-
dimensional representation of a general element X of sp(6, C):

hy e d h | k

g ha b f g j

=¥ v B ¢ f R
X = x v s ks b 4 a,b,...,zeC (.11

z t v 7 hy @

w oz x 2 g M

following from (3.1)-(3.4). The overbar denotes a minus sign, The element X in (3.11)
can be written in the block form (3.5) defined in (3.6), the size of the blocks depending on
the value of X. - -

Let us fix a basis of sp(6, C) compatible with the choices made in (3.3) and (3.4). The
generators of a root decomposition of sp(2r, C) are

(T (0

h&l‘ = » - - " » - haz =

[y .
v ] s

I
=
P
—

! N TS IR Y T

=1 . . . 1. oy =
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where e_,, = (e4)T, i = 1,2, 3, and their commutators.

According to (3.10) there are two maximal parabolic Zs-gradings for A = 1, 2 and one
Zs-grading for A =3,

The grading subspaces of the max1ma1 parabolic subalgebras in Zs-gradings are written
in block form as

IS I I

where the elements of (3.11) in each block are, for A =1,

J hy b f g

- _ _|A _{r h ¢ f
A=h C=k F=13 E=l, 5 hy b
a t v F ok

and for A =2

Ao hl a. _ _] k . f }_l_ _ k3 _(.‘
= 7) C‘(g ;) F‘(E 5= i)

For A = 3 we have the Zx gradmg with P3 = Ly -+ L; where

Lﬁ:(‘f‘ —J";:TK) L1=(: C) (3.13)

The blocks E and F are zero in this case; thus, one is left with, for A =3,
ki a d h j ok
A= ( qg hy b ) C= ( F g j) .
U r h3 c f h

4. Parabolic gradings of representations

A simultaneous grading of the Lie algebra L and its representation space V' means a
simultaneous decomposition of both into eigenspaces of the action of the corresponding
grading group. We have seen that in the case of parabolic gradings the group is either Z3
or Zs. Each of these groups is generated by a single element, g say, of the maximal torus
of the corresponding Lie group hence it suffices to consider the decomposition of L and V
into the eigenspaces of the action of g. Note that the grading of L is a special case of that
of V mvolvmg the adjoint representation.

The way in which the parabolic gradings of the Lie algebras were described above is
obviously not suitable for a general representation. A svitable way for our general task is
offered by the description of the action of elements of finite order on V given in [16] because
the unique diagonal element in each conjugacy class is particularly easily described in any
representation. One only needs to know the weight system of the representation which is a
textbook computational problem in Lie theory with a well known efficient solution.

Suppose the representation ¢(L) of L acts in V and suppose that we have fixed the
Cartan subalgebra of L so that it is represented by diagonal matrices in ¢. Let g be the
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unique element of the conjugacy class [5g...5,] represented by the diagonal matrix ¢(g).
To simplify the notation we write g for ¢(g). Then, the weight spaces of V (eigenspaces of
the Cartan subalgebra) are also eigenspaces of g. Forevery X € L, v € V, and w = Xv,
we have the grading action of g on L and V:

ng_lgU = cZHik/MCZHim/MXU =gw= 237i(k+m)/Mw. (4.1‘,1)
We write, symbolically,
ngg_l = ezﬂ:ik/MLk ng ] ezﬂ:im/MVm. (4.1b)

The subspaces Ly and Vi coincide in the case of the adjoint representation.

There is a technical complication arising during the grading of representations that
is due to the different behaviour of the centre of the Lie group in different irreducible
representations. Although it is automatically taken care of in our formalism described
below, it is useful to be aware of it in order to read the results correctly, The elements g
of (2.18) or (3.10) have the third and fifth roots of unity as eigenvalues when acting on the
(adjoint representation of the} Lie algebra or on any other representation where the centre of
the Lie group is trivially represented. When acting on a general irreducible representation
of o(NV, C) or sp(2n,C), the order of g may be multiplied by a divisor of the order of the
centre, Le. two in the case of o(N, C) or sp(2n, C) and also four in the case of o(2n, C).
However, the number of non-zero grading subspaces in V remains the same ag in the case
of L, i.e. three for Z; or five for Zs, no matter what the order of ¢(g) is.

A simultaneous grading of an irreducible representation ¢(L) acting in V(L) implies
the grading decompositions (1.1) with the property

0% LiVin © Viam. 4.2)

The grading subspaces V), are defined by (4.156).
‘We start from the known weight decomposition of V,

V= Z V(w) 4.3)

where the dimension of V(w) is the multiplicity of the weight w in the weight system of
the representation, and the suramation extends over the weights of the representation. Qur
task is to ‘coarsen’ (4.3) into (1.1). A subspace in the decomposition (1.1) of V, say Vi,
consists of all the V{w)’s of V on which ¢(g) has the same eigenvalue exp(2wim/M).
Thus, we need to know M and m in order to know the eigenvalue of g on V(w) in (4.15).

The general theory [16] provides the prescription for finding the eigenvalues of all
[so ... sz]. For the conjugacy classes of (2.18) and (3.10) the prescription is further
simplified. The simplification is due to the fact that in (2.18) and (3.10) we always have
Z:=1 5 =1

The value of M, called the adjoint order of g in [16], is independent of the representation
and coincides for all the g’s of [sp ... ss]:

=1
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Here m,, is the coefficient of &p in the expression

o + 20 4. + 20, for o(2n + 1, C)
=L ar+2a+...+ 202+ 0 +op for o(2n, C) (4.3)
200 4 ...+ 200, + o for sp(2n, C)

of the highest root & of L relative to the basis of simple roots.

The value of m is determined by A and the weight @, Pat m = c¢;{w). For the parabolic
gradings it turns out [16) that ¢, (@) is the coefficient of the simple root a;, in the expression
for the weight @ as a linear combination of the simple roots

o=y @ (4.6)
kel :

For a given simple Lie algebra L, the coefficients ¢, of all weights of all irreducible finite-
dimensional representations can be transformed to the common denominator D equal to the
determinant of the Cartan matrix of L.

Assuming that all of the ¢,’s were transformed to the common denominator D, one
notices that the grading group becomes Zjsp, even if the number of non-empty subspaces
Vi in any Zyp-grading decomposition of an irreducible V remains at most equal to M,

The behaviour of all irreducible finite-dimensional representations of o(N, ) and
sp(2n, C) with respect to the parabolic grading group Z; and Zs generated by the elements
either in (2.18) and (3.10), falls into a few categories which are relatively simple to
describe, We consider them in the rest of this section. For a number of low-dimensional
representations some of the subspaces V;,, may be zero.

Let us recall that there is a well known algorithm for computing weights of an irreducible
representation starting from the highest weight, Q say. The weights e of the representation
are, typically, computed relative to the basis of fundamental weights, i.e. each is given as
an n-tuple of integers w = ({1, 2, ..., ).

4.1. Representations of 0(2n+1,C)

Consider the irreducible representations of 0(2z+ 1, C) of finite dimension with the highest
weight © acting in the space V. In (4.6) cy(w) is a coordinate of a weight o relative to
the basis of simple roots

o=, ...l)=) a@u Ll (4.7)
k=1

where ¢ are the simple roots of o(2n + 1, C). The relation between the two bases is given
by

2 2 2 2 2
2 4 4 4 4
LI 2 4 6 ... 6 6
a=y Ty T=@p=3|. . . . : . (4.8)
- Pl . P
! 24 6 ... 2n—1) 2m—1)
123 ... n=1 n

A parabolic grading is fixed by the value of A. Only one of the coefficients c,(w} appears
in the eigenvalue e*™™/M on V(w), namely m = c; (). For integer c;(w), the eigenvalues
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are fifth roots of unity, for half odd ¢;(w) the eigenvalues are tenth roots of unity. To
simplify the presentation of the results it is convenient to transform m/M to the common
denominator 2M. This implies, in particular, doubling the subscripts in L; — Ly; and
reading them modulo 10.

The irreducible representations of o(2n+ 1, €) split into two mutually exclusive classes,
labelled by C = 0 and 1 which behave differently under the parabolic gradings. The highest
weight Q = (a3, az, ..., a;) is said to be of congruence class C:

{ 0

C =

1
Summarizing, we have the parabolic-grading decompositions of 0(2n+ 1, C) and of its

irreducible representations:

if a, is even

4.9
if &, is odd. (4.9)

o2n+1,C)=Lo+ Lo+ Ls+ Ls+ Lg
VE=Vo+ W+ Va+Vs+ Vs
VE=Vi 4+ B+ Ve+ i+ W

£2 in congruence class (4.10)

£2 in congruence class 1.

The subscripts are read modulo 10,

Some of the subspaces V,, may be zero for the lowest few representations. Since this
affects the selection of the contraction equations one has to solve, we list such cases in
table 2.

Table 2. Parabolic grading of the irreducible representations of o(2z + 1, £) for which some
grading subspaces are zero. The subseripts are read module 5 and moduio 10 for representations
of congruence class 0 and 1 respectively.

4.2. Representations of sp(2n, C)

Consider the irreducible representations of sp(2r, C). Most of the conclusions of the

previous subsection can easily be adapted to apply in the present case.

o(2n + 1) [410...0] [3010...0] [30010...0) [20...010] | [30...01]
{100...00)| Va+Wi+¥ |W+W+W W+TWh+W Vo+ Vi +Va{Vo+ Wi+ Vs
(010...00) - — —

(00...010) . - - —_

{00...001) W+ W Th+ Vot TalW + o+ Vr + V4

(00...002)] VWwW+W+V: |[+Wi+Vs

(00...008)|Vy + Va + Vo + Vo

(100...01) T

{010...01) - -

{00...011) ——
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We replace the simple roots of o(Zn + 1, C) by those of sp(2n, C). The adjoint order
M of any [sp ... sp] is calculated from (4.4) and (4.5). Any weight @ is given by (4.7)
where , .

22 2 ... 2 1
) 2 4 4 ... 4 2
=Ty T=1|% 46 C S 1 @
= 24 6 ... 2n—2) n—1
246 ... 2n—1) n

There are two congruence classes of irreducible representations. The congruence class
of £ is determined by the value

C=>3_j; (mod2). (4.12)
j=1

For A < n the decompositions (4,10) apply. We have

1€a<n spn, Cy=Lo+Ly+Ly+Ls+ Ly (mod 10) {4.13a)
A=n sp(2n, Cy= Lo+ Ly + Ly (mod 6). (4.13p)

Next we list the special cases of lowest representations which differ from the generic
cases {4.11) in that some of the subspaces are missing. By direct computation one readily
verifies the following cases. For 2 = (10...0)

A=n Ve2=Vi+V;, Va=0 (mod6) 4.14)
for 2 =(10...0), (010...0),...,(0...0D

I1€h<n Vi=sVo+Va+ Vg Vi, Ve =@ (mod 10). (4.15)

4.3. Representations of o(2n,C)

The last case to consider is o(2n,C). The weights (I),...,I1,) of an irreducible
representation are calculated from the highest weight £ by the standard algorithm which
gives each weight relative to the basis of fundmental weights. The coordinates of a weight
relative to the basis of simple roots are obtained by

2.2 2 .. 2 1 1
2 4 4 ... 4 2 2
r 2 4 6 ... 6 3 3
¢ =3 Tuk T=1 . {4.16)
k=1 2 4 6 ... 2An—2) n=~2 n—2
12 3 r-2) n2  (n—-2)/2
1 2 3 n-2) (—2)/2 nr/2

We want to describe parabolic gradings of irreducible representations of o(2n, C).
Unlike the previous cases, the situation here is somewhat more complicated. We need to
consider separately even and odd values of the rank 7. For a fixed n there are n parabolic
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gradings to consider, three of them being Zs (or Zs or Zy2) and the rest Zs (or Zyp ). In
addition, the lowest representations have more frequently than before special (non-generic)
parabolic gradings where a few of the grading subspaces may be zero.

Cur task is to describe the parabolic gradings of the irreducible representations of
o(2n, C) for A = 1,2, -+, n. For every weight w = (I}, -+, ;) the coordinates I; relative
o the basis of fundamental weights are integers. The grading for a fixed value of A is
determined by the value of ¢, of (4.16) which is the coefficient in (4.6) of the simple root
o in each weight e of the representation. From (4.16) we seethat for A =1,2,...,n—2
the values of ¢; are integer and halfinteger. For A = n — 1, n some of the ¢;’s have
denominator D = 4.

The irreducible representations of o(2n, C) split into four congruence classes. The
classes are conveniently characterized by the two-component C = (i, C;). Since all
weights of an irreducible representation are in the same congruence class, it suffices to
determine the class of the highest weight Q = (a4, ..., a,) (given relative to the basis of
fundamental weights), One has

nodd: C = (ay_1 +ay,2a1 + 2234 -+ + 2853 + (n — 2)ay-1 +nay)
neven: C = (@1 +an 2a1+2a3+ -+ -+ 28,3+ (n — 2)ap-1 + nay).

Here the first component C; is evaluated modualo 2 while € is read modulo 4.

The congruence class (0,0) has all weights in all its representations with integer
coefficients c; (). By definition the adjoint representation is of this class. Consequently
the parabolic gradings Zz and Zs have the obvicus structure:

o(2n, Cy = Lo+ L1+ Lo r=1,n—1,n
Vei=Vo+Vi+V (mod3)

o2, Cy =Lo+Li+ Lo+ Ls+La 2€A<n=-2
V= Vo+Vi+Vot Va4V {mod 5).

Next, let the rank n be even. All ¢; (@) now take integer or half odd values. Doubling
the grading labels whenever needed, the parabolic gradings can be listed as

Ve=Vy+Va+ V; mod 6 A=1
C=(0,2): V¥=V,+V;+ Vs mod 6 A=n—1,n (4.18)
Ve =Vo+ Vo + Va+ Vs + V3 mod 10 2€ A <n-2

4.17)

V=V, + Vo + Vimod 6 A=n
V8=V, + V3 + Vs mod 6 A=1,n—-1

C=(Q,0p 4.19)
Vo= Vy+ Vo + Va+ Vg + Vo mod 10 A=24,...<n—-1

V=V, + Vs + Vs + Vo + Vo mod 10 A=35..<n—1

VR =Vy+ Vo + Vamod 6 h=n-—1
V=V, +Vs+ Vs mod 6 A=1n

C=(1,2): (4.20)
V= Vot Vot Vit Vs + Vemod 10 A=2,4,...<n—1

V¥=V, +V3+ Vs + Vo.+ Vo mod 10 A=3,5...<n—1
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Now let the rank n be odd. The case of representations with £ = C = (0, 2) is the
same as for even rank. For Q in either C = (1, 1) or C = (1, 3) we obtain

Ve = Vy+ ¥4+ Vs mod 12 =1
V¥ =V + Vs + Vo mod 12 A=n—1,n
VeE=Vo+Va+Vi+Ve+Vamod 10  A=2,4,...<n~1

Ve =V, + V3 + Vs + V5 + Vo mod 10 A=35...<n—1.

When the Lie algebra acts on representations graded as in (4.18)-(4.21), its grading
labels may need to be muitiplied by two or four in order to read them as on V (i.e. modulo
6, 10 or 12).

The cases above assume that the given representation £ is ‘sufficiently large’ (ie.
. generic case). Some of the representations of low dimension are special (hon-generic) in
the sense that several of their grading subspaces V,, may be empty, The list of irreducible
representations of o(2n, C) which are non-generic consists of the following representations
for all ranks n > 4:

(10...00: A =2,3 Z5,Vo+Va+V,
A=n—-1,n Zs, V1 + V5

(0...010),(0...001): A =1 Zg, Vi + Vs
A=2 Zig, Vo+V2+ W
A=3 Zig, V1 + V3 Vs

In addition, for the o(4, C) representations (0010) and (0001), three out of four parabolic
gradings are non-generic (see examples in section 5). The parabolic gradings of the
representation (00010) of o(5, ©) are non-generic for A = 1,2,3 and 5, and for (00001)
non-generic for the cases A = 1, 2,3 and 4,

4.21)

5. Parabolic contractions of representations

Suppose that a parabolic grading of a classical Lie algebra L has been fixed, together with
the corresponding grading of a representation space V' and that a corresponding parabolic
contraction L¢ of L is chosen. We want to construct a representation yr{L%) of the contracted
Lie algebra acting in V. Tt is economical to proceed by the grading group rather than
considering simple Lie algebras separately by their types. Practically, we need the solutions
¥ of equations (1.11) of [1] for the chosen £. We assume that one knows L; V,, from the
standard representation theory of the classical Lie algebras, i.e. one knows it for any choice
ofveV,andx € L;.

To solve the system of contraction equations ({1.11) in [1]) for the representations, we
need to know the structure of the grading, i.e. the values of k and m of (4.2) for which
L.V, = 0, in order to eliminate the equations containing the corresponding .. from the
system. For sufficiently large representations (the generic case} we always have L;V,, # 0.
The non-generic cases for o(2n, C) are listed below.

By considering the parabolic contractions of the Lie algebras above we have, in fact,
described such contractions of the adjoint representation. The structure of Zs- or Zs-gradings
of the maximal parabolic gradings of the Lie algebras considered here is given in (1.8) and
the solutions of the corresponding contraction equations are shown in (2.15) of [1] for the
Z+-gradings and in (2.21) above for the Zs-grading.
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5.1. Parabolic contractions for Z;-gradings

In any of these cases there are the two parabolic contractions of L given by the matrices ¢
of (2.15) of [1]. To find all ¢ = (xb_,-}c) for a given &, one solves the system of equations
(1.11) in [1]} removing from the system the equations which contain &;; and ex,i.e. the @
matrix elements of (1.7).

Direct computation yields the results shown in (4.1a) and (4.1b) in [1] for each of the
two &’s. See also the examples in section 4 of [1].

5.2, Parabolic contractions for Zs-gradings

In all of these cases there are seven parabolic contractions of the Lie algebra given by the
matrices £ of (2.21). For each of them we need to solve the system of quadratic equations
(1.11) of [1] from which the equations involving €22, £33, 812, £21, £3¢ and &3 are removed,
i.e. the zero matrix elements of (1.8).

The total number of non-trivial contraction matrices 3 (i.e. with entries 0 or 1 and not
all ¥ = 0) for each of the seven contractions (2.21) is between 200 and 900, clearly more
than one would like to list. With every ¥ the list of solutions to the contraction equation
(1.11) in [1] also contains matrices obtained from ¥ by cyclic permutation of its columns;
a few of the ¥’s are symmetric with respect to such permutations. If the entire quintet of
¥’s in such a list were represented by one member of the quintet the short list would still
contain about 100 entries. The majority of these representations of L® are far from faithful.
One of the solutions is always ¢ = &.

5.3. Examples

We end this section with examples of parabolic contractions of representations. The Lie
algebra o(8} has three irreducible non-equivalent representations of dimension eight with
the highest weights

(o) (0)  (oed)

The highest weights here are displayed in the form of the o(8) Dynkin diagram. The three
weight systems are closely related; any one can be obtained from any other by a permutation
of simple roots. More precisely

¢ 1
[44] &3, X Oy, 0ig < Xs (1 0 0) < (0 0 0)

0 0

0] > (g, Olq <> Oip, Oy <> Of3 (1 0 0) — (OO 1) (5.2)
1 0

05 <> 4, Ol —> o, O] <——> (] (000)<—>(001),

We choose two representations defined by the highest weights (1 0 g) and (0 O (1,).
According to (2.18} there are four parabolic gradings of o(8). The parabolic gradings of
o(8) and of its representations are the decompositions into eigenspaces of the diagonal
element of the conjugacy classes [21000], [30100], {20010] and [20001] for A == 1,2, 3 and
4 respectively.
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The grading of the algebra 0(8) can be found by the method used in section 2. Instead
of writing the algebra in terms of a matrix representation, here we use the root spaces; the
generators are then

hu1 3 hﬂg! ht!;! hmp eirxl s €ckpry y Cbary s Cabegy (5'3)
and their commutators are

€l oz} Cb(oators) s E{ontag) r CoeloyHoao)s Eehlotontos)s Edlohontontas)r Eb(on 200 +oy+e)-
(5.4)

We list a basis of the grading subspaces for the three Zz-gradings (A = [, 3, 4) and one
Zs-grading i = 2. -
A =1, [216001, Z;3-grading:
Lo = {€iay, Erays €y Eotoptay)y Coblagbac)s Coklartasbands P Payy Bags By |
Li= {eﬂl s €ayten 1 oy tog-bas s Coytogboy s Captaytatogs e&1+2wz+:z3+a4} (5.5)
Ly = {€ay € (mban)s @(on z-has)s E—(a-hoyhan)s €—(on-bay as-ba)» €—(oy-+0ay sk |

A=3, [20010}, Zg-grading:

LO = {e:l:u] s €y » Erberg s E(@y o)y e:l:(aez+nf4)1 €t (o) borptos) hnq 3 hotg: h'xg 3 ha’q}

L= {‘9{23 1 Egatory 1 oy pagto » Cograyag s Soy+ogfoaays ed1+2t!1+015+cu} (56)
L= {e'-a’s s Colarpbars) s € o bonors)s E—(apeztua)s €om(ontoatostag)r e—(ﬂtl+2¢z+&’3+m)}

- A =4, [20001], Zs- grading:

LO = {eil‘.!l 1 ein’.za eil:!g.! ei(ﬂf[-i-ufz)a eﬂ:(ﬂ;-}-ﬂ;}: e:i:(n!;+rx1+a3): hm ] ha;-,, hc!'_:,l hm} -

L= {emx » €ty Conhantag + Contontay s Canantoiatog s eﬂl+20f2+°!3+0t4} (5.7
L,

{e-a’-u Emrfoy i) s Eofpnbory o) s Bl bon o s €=l Fas+estug)r €=(m +20!2+&'3+R’4)}

A =2, [30100), Zs-grading:

Ly = {e:l:ctx s Edoys Eckors s hﬂtl * hdz' h“!’ h““}

L= {eatz » Bty Contag s Caztay Coptantoay s Coytantoss Coptontens 8a1+a2+u3+m} ’
Lo= {eal+2wz+ﬂf3+ﬂ4} (58)
Ly= { E-[u,-;-zaz-!-a;-!-m)}

Li= {e—&z} .

In order to find the gradings of the representations (1 0 g) and (00 ,IJ), we consult table 3
which shows the weight systems of the two representations together with the conjugacy
classes responsible for the parabolic gradings and their eigenvalues on each weight space of
the representations. Bringing together the weight spaces V(w) with the same eigenvalue of
the corresponding conjugacy class we find that (10 g) is decomposed info three subspaces:



3804 X-D Leng and J Patera

Table 3. The left column contains the weight systems of two o(8)-representations in the basis of
fundamental weights and in the basis of simple roots, The eigenvalues of the grading elements
(2.18) on each weight space are found in subsequent columns. We use the natation £4 = gIrinim

Weight System Eigenvalues of Conjugay Classes
[21000] | (20010] | [20001] [[30100)
(1e8) = mtortdos+ oy £s £ & &
T+ §) = o+ Fog + tey & Es 133 &s
(0T 1) = tog+ Loy &5 £s &s 2
(008),(20}) = —Jas+ fas, fos—Fosl &, & |65, Go|és, 55720, €0
(e11) = —gos—ged | 4 | & | gt | &
(173) = —oar-daz—dos €3 g | &t | et
(Te§) = ~mi~mo—fas—3os | &' | & | &7 | &7
(00 ) = lortaztostioy 3 & £
(01 ) = $o1+ag+ Loy &5 £ &
(119} = tar + Loy £a £g &
(10%): (TO?)=%Q1_%Q41 —%QI-F";'M Eﬁ'u E;l EE: Eg Es-1> Se[ -u-
(Trd) = —fe-j}e &' 8 | &
(0T 3) = —fer~ap—ioy &t £9 gt
(00F) = ~Jer-—as—os—dew | &7 | & | &

A =1, [21000], Zs-grading:

Vo= V(ea + 303+ 304) + V(Gors + Jo) + V- — Jos ~ o) + V(=L + Law)

+ V(Gos — jou) + Vi—das — Sa) + Vias — Lag)

5.9)
Vi = Vi + o+ 303 + Jow)
Vo=V(—ay —0y — %0!3 - %oa;).
A = 2, [30100], Zs- grading:
Vo= V(zo3+ jo4) + V(3o — 3%) + V(—fo3 + Leg) + V(-3o3 — 1)
Vi= V(e +op+ jos+ fou) + Viee + o3 + Say) (5.10)

Va=V(—aq — oy = Jos — Lotg) + V(—ap — 303 — Zota)

A =3, [20010], Z¢-grading:

Vi = Vi + o + g0 + o) + Viez + o5 + o) + V(des + 30u)

+ V(e — tow)
V=0 (3.11)
Vs = V(=303 + j6) + V(—dos — Jog) + Vi~ — 303 — L)

+ Vi — o~ o3 ~ Sa).
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A similar Zs-grading is obtained for A = 4 ([20001]) from (5.11) by the permutation
oy <> o4,

The corresponding gradings for the representation (0 0 é) can be obtained either by
direct computation as before or by simultaneons the permutation of certain simple roots and
permutation of decompositions of V for some values of A. More precisely we have

A =1,[21000], Z¢ — grading: (5.11) with oy ~— o3

A =2, [30100], Zs — grading: (5.10) with &) ~— o3 5.12)
A =3, [20010], Z3 — grading: (5.9) with &y «— o3

A =4,120001], Zg — grading: (5.11) with 3 <> oy followed by o «— 0.

The grading structures in the two representations of our example are nongeneric. Indeed,
we find L; Vi = 0 for certain values of j and % either because Vi = 0 or because Vi = 0.
A concise listing of these cases is provided in the form of the corresponding matrices «:

I 11
Z3-grading: (1 g 1) V=V+Vi+1 (mod3)
1146
1 g1
(Ei @ 1) V=¥ +Vs (mod®6)
1 6 8 (5.13)
11881
1 8 6 81
Zs-grading: |9 B8 & @ 1 V=VW+WV+V, (moedS5).
g 1 8 8 8
118 @ @

The maximal parabolic contractions of the representations for each of the £ in both
Zs-gradings given in (2.15) of [1] and Zs-gradings given in (2.21) can be found by solving
equation (1.11) in (1] together with the restrictions given above. The solutions for such
non-generic maximal parabolic contraction of representations of Zs-~gradings are discussed
in section 4 of [1]. The results for Zs-gradings are numerous so we list the solutions for
just one &:

i1 1 11 x y & 08 =z x vy @ 8 y
118 1 .80 @ . 8868 -
e=|19 98 . cv=|0 0 0 8 . a6 0 -
11 -6 0 g . 006 0 3y 8 0 0
1 . .8 .. BB P .. 88 @
(xyﬁﬁx (xyﬁﬁx\ 1 1 8681
- B & 8 x x 806 9 . - @ 8 a1
066 5 . 0B a8 oG8 & - (5.14)
g . 5 0 B g - B9 8 610 0 8
\. . 0 0 ¢ \. - 6 ¢ o/ .1 68 9
(11981 /11 8 8 1y
100 6 1 1060 -
0 08 0 1 6% 0 B -
2 . 00 9 210 9 9
\. . g 8 o \1 . ¢ 8 @/
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where x, y, z take the values zero and one independently.
Finally let us exemplify an explicit way [5] to visualize the contracted action of the
grading subspaces of L on V. Let

Vo
W
V=V+WV+ VotV V=] V]| (5.15)
Vs
V4

The contzacted action of L% on V can be written as

Yoolo Vals VYs2ls ¥mls il Vo
Yol:r Yulo VYals v¥ssls vaul: Vi
LV =1 ¥aole ¥uly YoLo VYals vsla i (5.16)
Ysols Yalz: Yeli Yelo vuls || Va
Yals Yals Ymls $sly Yeslo Vi

To finish the example we use (5.10) and the matrix elements of the last i of (5.14) in
(5.16):

Lo L4 @ ﬁ V[} Lo Vo + L4 Vl
Ly Ly ¢ 8 - Vi LiVo+ LoV
Lv={0 @ @ @ @ V1l = 0 . S.17
g g 2 6 @ Vs 0
Ls @ - Lg Va LiVy + LgVy

Here both symbols @ and - stand for 0, the first one being there before contraction and
the second one appearing as a result of the contraction. The subspaces Vo and V3 are not
changed by the contraction; indeed, they were already absent from the parabolic grading
(5.10) before the contraction,

If we now take the commutator of any two elements of the contracted Lie algebra and
apply both sides of that equality to V according to (5.17), the equality is preserved. Hence
(5.17) is a representation of the contracted Lie algebra in V.
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